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Abstract
We formulate the Thirring model with four-fermion interaction of the
current-current type as a gauge theory and identify it with a gauge-xed ver-
sion of the corresponding gauge theory. Based on this formalism, we study the
chiral symmetry breaking of the D-dimensional Thirring model (2 < D < 4)
with the N avors of 4-component fermions. By constructing the gauge covari-
ant eective potential for the chiral order parameter, up to the leading order of
1=N expansion, we show the existence of the second order chiral phase tran-





) as a function of the four-fermion coupling G (resp.





Recently the dynamical mass generation in the D (2 < D < 4) dimensional
Thirring model [1] has been extensively studied by several authors [2, 3, 4, 5, 6].
A starting point of the analysis of the Thirring model is to introduce the vec-
tor auxiliary eld to linearize the four-fermion interaction. Then the Thirring
model is apparently rewritten into the massive gauge theory with which the
fermion couples minimally. However the results of these papers contradict with
each other and are rather confusing mainly because they treated the vector
auxiliary eld as a gauge eld despite the absence of manifest gauge symme-
try. Quite recently confusion among these papers arising from the insucient
treatment of gauge symmetry was claried by Ito et al. [7] in which the very
importance to maintain manifest gauge symmetry is clearly pointed out. They
introduced a new scalar eld to maintain the manifest gauge symmetry by us-
ing the hidden local symmetry as a guiding principle. However this scalar eld
is nothing but the Stuckelberg eld.
The Thirring model is rewritten as a gauge-xed version of a gauge theory
by introducing the Stuckelberg eld  in addition to the auxiliary vector eld
A

which is now identied with the gauge eld. This is a consequence of
the general formalism for the constrained system by Batalin and Fradkin [8].
This gives the general procedure by which the system with the second class
constraint is converted to that with the rst class one and the new eld which
is necessary to complete this procedure is called the Batalin-Fradkin eld [9].
In the massive gauge theory the Batalin-Fradkin eld is nothing but the well-
known Stuckelberg eld as shown in [10].
In this paper, we formulate the Thirring model as a gauge theory and in-
terpret it as the gauge-xed version of the gauge theory in section 2. Based on
this formalism, we study in section 5 the spontaneous breakdown of the chiral
symmetry through the eective potential obtained in section 4 for the order
parameter of the chiral symmetry, the chiral condensate h

  i. Up to the lead-
ing order of 1=N expansion where N is the fermion avor, we obtain explicitly
the critical number of avors N
c
(resp. critical four-fermion coupling G
c
) as
a function of G (resp. N), below (resp. above) which the chiral symmetry
is spontaneously broken. In section 3, we study the behaviour of the vacuum
polarization to the gauge boson propagator with respect to the source term
for the fermion mass, which is necessary to obtain the eective potential.
2 Thirring model as a gauge theory
In this paper we consider the D-dimensional Thirring model (2 < D < 4).




































is a 4-component Dirac spinor with an index a being summed over
from 1 to N and 

( = 0; 1; 2; :::;D  1) are 4 4 gamma matrices satisfying







By introducing an auxiliary vector eld A




































denotes the massive vector boson which does not have the correspond-
ing kinetic term and the Lagrangian Eq. (2) has no gauge symmetry. By make
use of the Stuckelberg eld  which is shown [10] to be identied with the
Batalin-Fradkin eld [9] in the general formalism for the constrained system
[8], the original Thirring model is identied with the gauge-xed version of the




























































;  7 ! 
0
=  + : (4)
Actually, if we take the unitary gauge 
0
= 0 ( =  ), then the Lagrangian (3)
reduces to the Lagrangian (2). The A

in Eq. (3) is regarded with the massless
gauge eld, in sharp contrast to the massive vector boson A

in Eq. (2).
Advantages of the existence of such a gauge symmetry in the analysis of the
Thirring model are emphasized recently in [7].
The total Lagrangian which is invariant under the Becchi-Rouet-Stora
(BRS) transformation is obtained by adding the gauge-xing term and the
Faddeev-Popov (FP) ghost term L
GF+FP








(cf [A; c; c;B; ]); (5)
which is itself BRS-invariant because of nilpotency 
2
B
 = 0. Such a BRS




































where c(x) and c(x) are FP ghost elds, and B(x) is the Nakanishi-Lautrap



























When F [A; ] is linear separately in A

and , FP ghost decouples completely
from the system. Then, after performing the integration over B, we obtain
















, the ctitious Nambu-Goldstone (NG) boson  is not decoupled except
the Landau gauge  = 0.
By choosing the R










, the ctitious NG















































































where we have introduced an innitesimal external source J(> 0) for the
fermion mass to study the spontaneous chiral symmetry breaking and J is
eventually adjusted to go to zero.
The existence of such a gauge symmetry enables us to apply the Vafa-
Witten theorem [25] in the same way as in the three-dimensional gauge theory,
for example, QED3. According to Vafa-Witten [25], energetically favorable is
a parity conserving conguration: all the 2-component fermions have the same
absolute value and half of them acquires positive masses and the other half
negative masses. Moreover, the parity violating pieces including the induced
Chern-Simons term don't appear in the gauge sector whenever the number of 2-
component fermion is even, in agreement with various analyses [26, 27, 29, 30].
Therefore we consider the pattern of symmetry breaking not for the parity but







as an order parameter for the chiral symmetry breaking. The chiral symmetry
is dened for the 4-component fermion by make use of a 4  4 matrix 
D
,
which anticommutes with all the gamma matrices, see [32].
4
3 Vacuum polarization
In what follows we follow the Euclidean formulation. By make use of a gauge-
invariant Pauli-Villars regularization [12],
1
it is shown [13] that the one-loop














































































(a; b; c; z) being a hypergeometric function.























(b; 1  c+ b; 1   a+ b; z
 1
);(13)



























































































2(4  D)(6  D)(D   1)(3  D)











There are various regularization methods to calculate the vacuum polarization: 1) Pauli-
Villars [14, 15, 16, 17], 2) lattice [18, 19], 3) analytic [20], 4) dimensional [21, 22], 5) Za-
vialov [23], 6) parity-invariant Pauli-Villars (variant of chiral gauge invariant Pauli-Villars





































































2(4  D)(6  D)(D   1)(3  D)








are positive functions and f
D
is negative one for
2 < D < 4, since  (x) > 0 for x > 0 and  1 > x >  2.




j < 1. On the other hand, in the region j
k
2J





























However inclusion of this contribution does not change the result at all. This
is shown in subsection 5.4.
4 Eective potential by Inversion
The chiral order parameter  is obtained in the scheme of 1=N expansion as
 := h














































being the free photon propagator, it is not dicult to show [34] that




























































































Here the limit  ! 1 corresponds to the unitary gauge and  = 0 to the




(k). A merit of the expression Eq. (24) is that the chiral or-
















































;J) is transverse owing to the gauge in-
variance. Therefore all the following results are independent of the choice of
the gauge parameter .
First of all, by introducing an ultraviolet (UV) cuto 
f
































































































































































































































































Here we have introduced another UV cuto 
p
for the gauge-eld momentum





Thus, the chiral order parameter  shows the following dependence on the
source term J for 2 < D < 4:
 := h




































































) > 0: (37)
We can dene the dimensionless order parameter ' from  by using a cer-
tain dimensionful quantity  with the same dimension as the mass. Here may
be identied with the ultraviolet cuto , the dynamically generated fermion
mass m
f













































P = P; (39)







Instead of taking the Legendre transform, we here adopt the inversion














For the inverted series Eq. (41) to be consistent with the original series Eq. (38),































The eective potential for the translation-invariant expectation value  =
h











Then, for 2 < D < 4, the eective potential for ' is obtained:
























The spontaneous breakdown of the chiral symmetry occurs if the equation
@
@
V () = J has a non-trivial solution  6= 0 even in the limit J ! 0. The
most energetically favorable conguration is realized at the absolute minima
of the eective potential among the stationary points. As long as B > 0, the




for  < 0. Here we have neglected higher powers of ', since we are interested
only in the neighbourhood of the phase transition point. It is easy to see that
the chiral phase transition described by the eective potential Eq. (44) is the
second order. Up to the leading order of 1=N , there exists a critical number
















This shows that the critical number of avors N
c
does not depend on what
quantity we might use to dene the dimensionless coecient
~































. The critical behavior of
' near the critical N
c





. Hence the critical exponent is given by  = 1=(D   2) for
2 < D < 4.
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5 Chiral symmetry breaking and dynamical
mass generation
5.1 critical coupling and phase diagram





























(1) := 2(4  D)(D   1)
2












The chiral symmetry is spontaneously broken for N < N
c
(g) where the
critical number of avors N
c
(g) depends on the dimensionless four-fermion
coupling constant g. This implies the existence of the critical line N = N
c
(g)
in the phase diagram (g;N). The spontaneous chiral-symmetry breaking does
not occur at g = 0, i.e., N
c
(0) = 0, as should does. The critical number
of avors N
c
(g) is monotonically increasing in g and remains nite in the







The massless vector boson limit M ! 0 (or the limit of innite four-fermion
coupling constant g !1) can be taken in the arbitrary gauge  in this scheme.
In particular, for D = 3, N
c
(1) = 2 (r
3
= 1=8).
This result should be compared with QED3 analyzed in the same scheme
[34]. The value N
c
(1) coincides with the critical number N
c






























where the kinetic term for the gauge eld vanishes in the  ! 0 limit. This
coincidence is easily understood by comparing the gauge boson propagator




































since the gauge-parameter-dependent longitudinal part does not contribute
to the nal result in the inversion scheme. In the SD equation approach, it
has been conrmed [30, 31] that neglecting higher powers of the series in k=
does not change the qualitative feature of the chiral phase transition (infrared
dominance).
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5.2 dynamical generation of pole for gauge boson
The gauge boson A

is merely the auxiliary eld at the tree level. We have
shown that for a given N < N
c
(1) there is a critical value G = G
c
(N) for the
four-fermion coupling G so that the chiral symmetry is spontaneously broken
for G > G
c
(N), which implies that the dynamical mass m
f
for the fermion is
generated for G > G
c
(N), as long as N < N
c
(1). The critical four-fermion
coupling G
c
(N) is obtained by solving Eq. (49) with respect to G. In this
case, the gauge boson propagator can have a pole mass M
V
(in the time-like
region) due to the massive fermion loop eect [13]. The pole massM
V
is given
















. Using the one-







is given implicitly as the






































G as G ! 1 for arbitrary D, if it exists. This implies that the
fermion and antifermion is tightly bound in the vector channel for strong four-
fermion coupling.
For 2 < D  3, the solution exists for any magnitude of the coupling

































































under which (G < G
V
) the gauge boson propagator has no pole and hence the





5.3 comparison with the SD equation
Our approach should be compared with the SD equation approach done re-
cently for this model [7] where R

gauge was used to decouple the scalar mode
 from the theory after formulating the Thirring model as a gauge theory
by using the hidden local symmetry. In the SD equation approach the R

11
gauge quite simplies the formulation and the analysis of the SD equation as
in our analysis. However they have further introduced the nonlocal version
of the R

gauge and taken a special nonlocal gauge in order to eliminate the
wavefunction renormalization for the fermion, i.e., to guarantee A(p)  1 for
the fermion propagator S(p) = [6pA(p)   B(p)]
 1
, since the bare vertex was
adopted to analyze the SD equation for the fermion propagator and the bare
vertex approximation is justied, in light of the Ward-Takahashi identity, only
when there is no wavefunction renormalization. This procedure greatly sim-
plies actual analysis of the SD equation, since one has only to solve the single
integral equation for the fermion mass function m(p) := B(p)=A(p).
On the other hand, the non-local gauge leads to quite complicated kernel
for the integral equation of the mass function. The complexity prevents them
from obtaining the explicit solution and the explicit critical number of avors
for general value of G. Hence they have only shown the existence of the
nontrivial solution corresponding to the bifurcation solution from the trivial
one B(p)  0, except for the special case g = 1 at D = 3 in which the
explicit solution and the explicit critical number of avors can be obtained
in completely the same way as the QED3 [30]. They claim that the phase
transition associated with the spontaneous breakdown of the chiral symmetry
is the second order in the sense that the phase transition is caused by the
nontrivial bifurcation solution besides the discontinuous one.
Our approach has succeeded to derive almost all the features on the chiral
phase transition derived in the SD equation approach. However we failed to
show the scaling of the essential singularity type, although we do not know
whether this type of scaling is correct or not for an arbitrary G. We must
say this problem is rather subtle in our approach, see [36]. This point should
deserve further studies.
5.4 technical remark




j < 1 is assumed for an innitesimal source J . We can show that the
contribution from the region j
J
2k
j > 1 does not at all change the above result




















































































































































Since 2D   3 > D   1 and 3D   5 > D   1 for D > 2, this contribution does
not aect the above result when D > 2.
6 Conclusion and discussion
In summary, we have formulated the Thirring model as a gauge theory by
introducing the Stuckelberg eld. In this standpoint the original Thirring
model is identied with the gauge-xed version of a gauge theory and the
equivalent gauge theory has BRS symmetry even after the gauge-xing.
From the viewpoint of the eective potential, we have shown the existence
of the second order phase transition (in the usual sense) associated with the
spontaneous breakdown of the chiral symmetry in the D-dimensional Thirring
model (2 < D < 4). Up to the leading order of 1=N expansion, the explicit
critical number of avors N
c
was derived as a function of the four-fermion
coupling constant G for arbitrary value of G, even for G =1. All the above
results are gauge-parameter independent by construction.





























being the generator of a Lie group G. In this case, the ctitious
NG bosons 
A
are not decoupled even in the R

gauge, which makes the
SD equation analysis rather complicated. This model will be discussed in a
separate paper.
Finally we wish to point out that the Thirring model can be identied









































: The analysis of the
Thirring model from this viewpoint will be given elsewhere.
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